Bird flu infection processes within a poultry farm were studied analytically and numerically. A mathematical model proposed in a previous study was reformulated with consideration of age structure. The age structure model for a susceptible population and an infected population is described. Numerical results show that essential factors of security against bird flu are vaccination and removal of infected bird.
Introduction
The loss of domestic birds due to bird flu has been a serious issue to poultry farmers ever since the disease prevailed worldwide in 2003. The source of the disease is an influenza virus H5N1. Forms of infection with H5N1 is classified into low pathogenic form and highly pathogenic form. The infection with the highly pathogenic form spreads rapidly over a poultry farm, and causes serious symptoms to domestic birds, which eventually lead to death. Even if infection of only one bird with H5N1 is detected, all the birds in the farm become subject to culling. The losses due to culling of domestic birds have been causing enormous damages to the poultry industry.
A bird flu infection process within a poultry farm involves the source of disease (influenza virus), the host (poultry), and the medium (environment). Once bird flu attacks a poultry farm, some birds die at the early stage of an infection process, and some others may live longer. Regardless of being alive or dead, infected birds remain as sources of infection, unless they are completely removed from the farm. Those factors were incorporated into formulation of mathematical model for populations of susceptible birds and infected birds [2] . The mathematical model was reformulated with addition ICBSA 2018 of virus concentration to unknowns [3] [4] [5] [6] . Those previous studies show that a proper vaccination and a proper removal of infected birds are essential for security of a poultry farm against bird flu.
In this study, age structure of domestic birds was incorporated into formulation of a mathematical model. In an egg production process, entire population of domestic birds is maintained at the appropriate capacity by supply of six-month old birds for vacancies created by removal of thirty-month old birds. Thus entire population is distributed over the age interval from six months to thirty months. In the following sections, mathematical model is described and some analytical results are presented. Numerical results are also presented.
Materials and Methods

Modeling bird flu infection process with age structure
When bird flu intrudes into a poultry farm, domestic birds are divided into the class of healthy birds susceptible to infection and the class of infected birds. The SI model was proposed in studies of the population of susceptible individuals and the population of infected individuals [7] . The SI model is inappropriate for susceptible and infected populations of poultry farms, where the entire population is regulated. In a production process of a poultry farm, the entire population of domestic birds is kept at the capacity of The removal rate of infected birds is proportional to their population, and it is expressed by − ( ), where is the removal rate. The following system (1), (2) was proposed [1] .
In this study, age structure was considered in formulation of susceptible birds and infected birds. In an egg production processes, entire population of domestic birds is respectively. The rate of infection of susceptible birds of age at time is proportional to the product of ( , ) and the total number of infected birds
and the removal rate of infected birds of age is at time is proportional to ( , )
The following system of equations are proposed.
System of equations (3), (4) is associated with the initial conditions,
Vacancies are replaced with supply of susceptible birds of age . So the system of equations (3), (4) is associated with the boundary condition,
Stationary state population of susceptible birds and infected birds
Stationary points of system (1), (2) 
and
The stationary point (7) 
while it is unpractical for − < 0. The stationary points (7) and (8) coincide for − = 0. When the stationary point (7) is asymptotically stable, the state returns to it after disturbance due to intrusion of bird flu. The stationary point (7) is unstable under the condition (9), and it is asymptotically stable for − < 0. The stationary point (8) is asymptotically stable under the condition (9). It is unstable for
The initial boundary value problem (3) - (6) has a constant solution. Suppose that ( , ) = , ( , ) = ( ≤ ≤ , ≥ 0) is a constant solution of the system (3) - (6), where and are nonnegative constants.
Equations (3) and (4) lead to
System of equations (10), (11) implies = 0, and the boundary condition (6) leads to
The solution of equation (12) is = / (1 + − ), and
is a constant solution of the initial boundary value problem (3) -(6).
Results
Numerical solution of equations for susceptible population and infected populatio
The initial boundary value problem (3) - (6) 
Discussions
The previous studies based on the mathematical model (1), (2) showed that the stationary solution corresponding to the infection free state was asymptotically stable while the other stationary solution was unpractical. In this study, age structure was incorporated into formulation of the mathematical model. Numerical solutions of the initial-boundary value problem (3) - (6) have shown that the constant solution corresponding to the infection free state is asymptotically stable for a relatively large value of the removal rate . Numerical results indicated that the infection free state was unstable when another non-constant time independent solution was asymptotically stable.
Those results suggest that the condition − < 0 is a possible criterion for stability of the infection free state. Note that vaccination reduces the value of . Our numerical results based on the age structured model have shown that removal of infected birds is essential, and that proper vaccination is also an important factor for security of a poultry farm against a bird flu outbreak.
